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JVon-linear Relationships

AN

There are many families of curves that have non-linear relationships.
Non-linear relationships are relationships that when graphed

produce graphs that are not straight lines.

In this chapter the following curves will be studied:

parabolas, rectangular hyperbolas, circles and exponential functions.

Parabolas

 EXERCISE 10A |

Parabolas are the curves formed by graphing quadratic equations.
Quadpratic equations are equations that have 2 as the highest power.
Examples
The following are quadratic equations.

y=x y=3x"-4

h=7Tt"+5¢-1 a=5-6b
The following are not quadratic equations.

y=x+1 y=28x"-4x"+3

a=5-6b' h=Tt"+5t-¢

1. State which of the following are quadratic equations.

A y=>5x B y=2x

C a=6+0 D m=3n-n

E y=6x+2 F v=3¢t’-5

G h=2c"+3c-6¢ H y=7-4x+5%

| B=24"+44"-54 J d=4"+2r-7
K y=2x+5x+8 L z=7+2



2. For each of the following quadratic equations, complete the table
of values shown, plot the points on a graph and connect the points
with a smooth curve.

(b) y=x"+4x+1




3. (a) Using a graphics calculator, or otherwise, plot on the same axes
the following sets of graphs.

Ay=x By=2x Cy=3x
(b) Based on these three graphs, what effect does the coefficient
of X°, a, have on the graph y = ax’, if a > 1?
4. (a) Using a graphics calculator, or otherwise, plot on the same axes
the following sets of graphs.
Ay=x By=%f Cy=%f
(b) Based on these three graphs, what effect does the coefficient
of x°, a, have on the graph y = ax’, if 0 <a < 1?
5. (a) Using a graphics calculator, or otherwise, plot on the same axes
the following sets of graphs.
Ay=-x By=-%—x2 Cy=-3

(b) Based on these three graphs, what effect does the coefficient
of x°, a, have on the graph y = ax’, if a < 0?




6. (a) Which of the following parabolas have a minimum
turning point?

(b) Which of the following parabolas have a maximum
turning point?

MYV

7. (a) Which of the following parabolas would have a minimum

turning point if graphed?

(b) Which of the following parabolas would have a maximum
turning point if graphed?

(c) Which of the following parabolas would be 'thinner' than
the graph of y = x*?

(d) Which of the following parabolas would be 'flatter' than
the graph of y = x*?

0o

M y=5-4x"+2x
O y=-5-1x+3x

Ay + 2

A y=3x By=x-5
C y=-4x D y=1ix
E y=3x"-2x-5 Fy=2x+6x-7
Gy=-3x-5x+1 Hy=1x-5
| y=3+x J y=4- 2x+4x
Ky=6-2x L y=5-6x- 3x
Ny
Py

|
O i
=

+
W k)\
=
+
o0



Sketching Parabolas
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 EXERCISE 10B |

Sketch the following parabolas.

1.

2.

3.

10.

11.

12.

13.

14.

This parabola has - x-intercepts at -2 and 2
- y-intercept at -3
This parabola has - its turning point at (2,-1)
- y-intercept at 4
This parabola has - one x-intercept at 2
- y-intercept at -4
- its axis of symmetry at x =3

. This parabola has - its turning point at (-1,4)

- x-intercepts at -3 and 1

. This parabola has - its axis of symmetry at x = -3

- one x-intercept at -1
- y-intercept at 1

. This parabola has - x-intercepts at 1 and 5

- y-intercept at -4

. This parabola has - its turning point at (2,-1)

- y-intercept at -4

. This parabola has - x-intercepts at -5 and 1

- y-intercept at -1

. This parabola has - its turning point at (-2,3)

- y-intercept at 5

This parabola has - its turning point at (4,0)
- y-intercept at 1

This parabola has - its axis of symmetry at x =2
- one x-intercept at 5
- y-intercept at -2

This parabola has - its axis of symmetry at x = -3
- one x-intercept at 3
- y-intercept at -2

This parabola has - its axis of symmetry at x =0
- one x-intercept at -1
- y-intercept at -3

This parabola has - its axis of symmetry at x =0
- y-intercept at 0
- passes through the point (2,4)



Finding x- and y-Intercepts







ax’+bx+c=0

_ -b+ /b - dac

X 2a

1. Find the x- and y-intercepts of the graphs for the following equations
and sketch the graphs showing all intercepts and the axis of symmetry.

(@) y=x"+4x-32 (b) y=x"-14x +45
() y=x"+7x+10 (d) y=-x"-4x+12
(e) y=2x"-19x + 42 (f) y=-4x"-Tx+ 15
(g) y=6x"+11x-35 (h) y=-12x"-x+20

2. Choose several of the equations from question 1 and plot these on
a graphics calculator. The scales may need to be changed to view
each graph clearly.



Finding the Turning Point Using the Axis of
Symmetry

Find the coordinates of the turning point for each of the parabolas from
question 1 in exercise 10C.




Finding the Turning Point Using y = a(x - h)’ + k




. Find the coordinates of the turning point for the parabolas with the
following equations.

(@) y=x"-10x+2 (b) y=x"-16x+24
() y=x"+4x-3 (d) y=x"+6x+5
() y=x"+2x-8 () y=x"-14x+1
(g) y=x"-20x (h) y=x"+18x

. Find the coordinates of the turning point for the parabolas with the
following equations.

(@) y=x-5x+3 (b) y=x"-x+4

(c) y=x"+3x-8 (d) y=x"+9x-3

. Find the coordinates of the turning point for the parabolas with the
following equations.

(@) y=-xX"+4x-5 (b) y=-x"-12x-3
(c) y=-2x"+8x-16 (d) y=-3x"-12x+15
() y=-2x"-5x+38 (f) y=-4x"+6x-12

(g) y=-5x+15x-10 (h) y=-6x"-8x+ 15



Turning Point Form
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 EXERCISE 10F |

1. Sketch the following parabolas by locating the turning point and
y-intercept of each.

(a) y=2(x-3) -4 (b)yZ%(x-4)22+l
(c) y=-2x+1) -2 (d) yZ‘}(X-3)

(e)y=—31(x—5)2—6 () y=3(x+3)+4
(g) y=-7(x-8)+3 (h) y=-(x+4)+1

2. By analysing these graphs, which of the parabolas have x-intercepts?

Practical Applications

Many shapes that occur naturally and man made are in the shape of
parabolas. For example: a piece of string joined to two points, the
motion of a ball through the air, a bent piece of plastic, a stream of
water spurting from a hose, many styles of bridges, radar dishes, etc.




= -k (x- 100y +20




= "5 (x - 100Y’ + 20

Note: the trajectories of objects through air in reality are not
perfectly symmetrical parabolas due to spin and air resistance.
They are often assumed to be parabolic to make the mathematics
simpler.

Assume that all the trajectories in the following problems
are parabolic.

1. A golf ball is hit and travels 100 metres before it hits the ground.
It is estimated that the maximum height reached by the ball is 25 metres.
(a) Sketch the trajectory of the ball on coordinate axes using the
origin as the point the ball was hit.
(b) Find the equation of this parabola.
(c) Find the height of the ball 20 metres from where it was hit.

2. A footballer kicks the ball from 20 metres out from the goal. The
ball just clears the 12 metre high goal post at the top of its
trajectory.

(a) Sketch the trajectory of the ball on coordinate axes using the
origin as the point the ball was kicked.

(b) Find the equation of this parabola.

(c) Find the height of the ball 5 metres from where it was kicked.
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3. The trajectory of two hits in cricket were analysed and the equation
for each trajectory is shown below.

HitA: y= _ﬁ (x - 50)° + 40

Hit B: y = "L5 (x - 60)° + 30

For each hit find:

(a) the distance travelled by the ball

(b) the maximum height reached by
the ball

(c) the height of the ball above a
fielder standing 30 metres from the batter.

4. A cable hangs between two pylons as shown in this diagram. The
pylons are 40 metres high and 80 metres apart. The lowest point
of the cable is 30 metres above the ground.

(a) Using point 4 as the origin, find

the equation of the parabolic B
shape of the cable.

(b) Copy and complete the table 40m 30 m
below that states the height

of the cable every 10 metres

from point 4. Give answers 4 ’

correct to one decimal place.

Distance from A4 (m) 0[10{20130({40|50|60]70]80

Height above ground (m)

5. The equation for the parabolic
cable on this bridge is:

y= o5 (x-50) +25

Point O is the origin.

(a) Find the height of the
pylons A and K.

(b) Find the lengths of the 100m
equally spaced supporting
cables (B - J).




Rectangular Hyperbolas
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 EXERCISE 10H |

1. (a) Copy and complete the table of values for following relationship.

20 X 1 2 4 5 110 20
y= 7 y

A y
20
(b) Copy and complete 18
this graph by plotting 16
the points from the E
above table. 10
Connect the points with 8
a smooth curve. 2
2

0 2 46 8 101214161820’)6

2. The tables of values below is completed for the given equation.
_a X 1 2 4 5 110 20 50
YT x y {100 50 25 20 10 5|2

(a) Find a.

(b) Find y for the following values of x.
(1)25 (i1) 200 (ii1) 0.5 (iv)

3. The tables of values below is completed for the given equation where
P is a constant.

001105701 1 | 10| 50 | 100

vl I
0 M| 250 5 25 1 2.510.25/0.05/0.025

(a) Find P.
(b) Find M for the following values of Q.

()50 (i) 0.5 (iii) 0.1 (iv)0.025
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. The current (1), in amps, is measured in an electric circuit for different
resistances (R), measured in ohms, and shown in the table below.

1 1 2 4 6 8 | 12 | 24
R | 24| 12| 6 4 3 2 1

(a) The relationship between current and resistance is known to be of
the form shown here.
Find V. r=Y

(b) Find R for the following currents:
(1) 0.1 (i1) 0.2 (i) 1.2 (iv) 48 (v) 240

AR
(c) Copy and complete 24
this graph by plotting 22
the points from the 212
above table. 16
Connect the points with 14
a smooth curve. ig
8
6
4
2

>
1
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5. (a) Copy and complete the table of values
below for this relationship. y=—
X

x |-20(-10] -5 -2/|-1/-05/05] 1|25 ]10/20

y

(b) Copy and complete the graph below by plotting the points from the
above table. Connect the points with smooth curves.

)
1e
18
1
14
1
1
I
1

Q
(3
A
n
‘,. QL16.14-19 Q 5 0l N 141618 0»
- 3-16-14-12- 3 41=210] 1 1012 14 1618 X
-4
1
1
14
-16
-1
_2%

6. (a) Copy and complete the table of values
below for this relationship. -

.-20-10 S5 4 20111 274]57]10]20

(b) Plot these points on the same graph as in question 5 and connect
with smooth curves.

7. (a) Copy the table of values from question 5

(b) Plot on the same graph and connect with -

and complete for this relationship.
smooth curves.
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' EXERCISE 101 |

1. Match the graphs below with the following relationships.
_2a

a Y
@y=+ by="7 A
5 AB|CD
a a
©ry=3, @Dy=+
_a
©) y="2s
Note:
1
<a
y=iy
can be written as
a
Y= 3x \/

2. Match the graphs below with the following relationships.

@ y=—

1
©)y=4x

1
(©) ¥y="gx

() y="2
) y=—

1
M y="3;

Y
FGHT J




Transforming Hyperbolas
















EXERCISE 10J |

303

1. Which of the equations below (A - D) could be the equation of the

hyperbola shown.

2

A V=G+3)

+3

2
(x-3)

B y= +5

2. Which of the equations below (A - D) could be the equation of the

hyperbola shown.

3

A yzm-i-l

AJ’

_?_ _________ -




304

3. Which of the following equations (A - D) could be the equation of a
hyperbola that has the intersection of its asymptotes at the point (5,-2).

o 2

A y——(x_5)+2 B y——(x_2)+5
3 4

C y=G-3 2 D y=G+35 -2

4. Which of the following equations (A - D) could be the equation of a
hyperbola that has the intersection of its asymptotes at the point (0,4).

Y x Y (x+4)

5. The hyperbola with equation y = % is transposed so that the

intersection of its asymptotes is at the points with the following
coordinates. Write the equation of the transposed hyperbola for each
point.

(@ G.7) () -500 (© 1-5 () 0.8 (e) (6,-5)

6. Write the coordinates of the point where the asymptotes intersect for
the hyperbolas with following equations and sketch each hyperbola.

(a) yz(x?9)'1 (b) y=(x—?—2)+7

© 7= Gy @ y=-p +4
3 9

© y=G+n© O ry=grg -3
12 6

€3] y=(x+2) h) y=—7-5



Circles

Cc-hy'+@-k'=r




1. Write the equation of the circles with the following centres and radii.

(a) Centre (0,0), radius =5
(c) Centre (4,0), radius =1
(e) Centre (2,4), radius =6
(g) Centre (6,-5), radius =7
(i) Centre (-5,-8), radius = 10

(b) Centre (0,3), radius = 4
(d) Centre (-5,0), radius = 3
(f) Centre (-3,5), radius = 4
(h) Centre (7,9), radius = 12
(j) Centre (-6,-1), radius =9

2. Write the coordinates of the centre and the radius of the circles with the

following equations.

(a) X’ +)' =64

(€) (x+3)+(y-5)=49

(€) (x-6)+(y-1)=36

(g) (x-12)+(y+15)7 =144

(b) x-7)+y =1

(d) X+ (y-2) =81

() x+2)Y+ @ +9)’=100
(h) (x+ 13+ (y-11)’=169
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3. Write the equation of the circles shown below.

(a) AY (b) AY
6 6
7 I TN >
/V 4 ‘\ 4
3 3
2 2
11(0,1 I
DT R I Il >x G 3T TITOY TINL O ©
\\ -1 ‘,
N2 4 -2
- Sl 23
4 N
5 -
-6 -0
\/ \/
(c) AY (d) AY
6 6
5
4 4
3 3
2 2
1] (1,0 1
T EEEI I RIS >x T ITIT I T 3759
-1 -1
2 2
3 3
4 -4
-5 -5
k / (-3,-5) h /

4. Find the equation to a circle that just fits in
the square ABCD. The coordinates of the
corners of the square are:

A=(24)  B=(84)
C=(@8,6) D=(2-6)

A




Remember if a number

is added to one side of the
equation the same number
needs to added to the other
side for the two sides of the
equation to remain equal.

Find the coordinates of the centre and the radius of the circles with the
following equations.

1. X¥-2x+y"-10y=10 2. X' -6x+)y +20y=-9
3. X+ - 12y=-35 4. X +8x+1y' =0
5.xX-12x+y +6y=4 6. X’ -24x+y +10y=0

7. X+ 14x+y - 16y =-13 8. X’ -20x+) -22y=4



Exponentials
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'EXERCISE 10M|

1. (a) Copy and complete the table of values below for the following
relationship.

X

y=2

X -4 -3 -2 -1 0 1 2 3 4

AY

(b) Draw a set of axes with the x-axis 2‘2‘
from -4 to 4 and the y-axis from .

-4 to 24 as shown here. e

16

(c) Plot the points from the table =
of values above and connect 0
with a smooth curve. 10

(d) Copy the table of values

following relationship.

‘-4 3 2] 1

8
6
above and complete for the 4
2
0
2

y=2"

(e) Plot the points from this table on the same set of axes.

(f) Copy the table of values below and complete for the following

relationship.

X -4 -3 -2 -1 0 1 2 3

(g) Plot the points from this table on the same set of axes.
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(h) Copy and complete the table of values below for the following

relationship.

X 0 1 2 3 4

(1) Plot the points from this table on the same set of axes.
(j) On the same axes plot the following relationships.

J’=2x+4‘ ‘y=2"-4

2. The red line on the graph below is the graph of y = 3",
Match the other lines with the following relationships.

3(x +2)

y=s | 9% | [p=52
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'PROBLEM SOLVING
B
D
50m \K(
A
4 50 m CJ
) 460 m

A drawing of the Sydney Harbour Bridge is shown above.

The dimensions given are approximate.

1. Use the dimensions shown to write two equations that could be used
to find the equation of the parabola ABC. (Use point 4 as the origin)

2. Solve these simultaneous equations to find the equation of the
parabola ABC.

3. Find the length of cable BD. Give answer to the nearest metre.

- PUZZLE

The letters P, A, R, B, O and L represent different numbers (all greater
than zero). Use the information below to find the numeral value of each
letter.

P+A+R+A+B+O+L+A=23
R+-B=P
A+B=L
L=2R
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'CHAPTER REVIEW

1. For each of the following equations, complete the table of values,
plot the points on a graph and connect the points with a smooth
curve.

(@) y=x"-4x+3 (b) y=x"-2x+1
1101 (2131415 x|-4(-3]-2(-1]0|1]2
y y

2. (a) Without plotting points, sketch a graph of y = x”.
(b) On the same graph sketch the following curves:
() y=2¢ (i) y= (ili) y= 3 (iv) y=-2¢

3. (a) List which of the following graphs would have a minimum
turning point.
(b) List which of the following graphs would have a maximum
turning point.
Ay=2x+3 By=-5x Cy= %xz- 1 D y=%x2-3x+2

4. Sketch the following parabolas.

(a) This parabola has - x-intercepts at -3 and 3
- y-intercept at 2

(b) This parabola has - its turning point at (1, 2)
- y-intercept at 3

(c) This parabola has - its axis of symmetry at x = -2
- one x-intercept at -5
- y-intercept at -1

5. Find the x-intercepts, y-intercept and turning point for each of the
following parabolas.
(@) y=x"-8x+15 (b) y=x"-16
() y=x"+6x-16 (d) y=x"-8x
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6. Find the coordinates of the turning point for the following parabolas.
(@) y=x"+10x-9 (b) y=x"-5x+8
(c) y=-2x"+12x- 16 (d) y=-4x"-6x+13

7. Sketch the following parabolas by locating the turning points and
y-intercept of each.
(a) y=3(x-57+2 (b) y=-2(x+3)-5

8. A cricket ball 1s struck and travels 80 metres before it hits the ground.
It is estimated that it reached a maximum height of 25 metres.
(a) Sketch the trajectory of the ball on coordinate axes using the
origin as the point the ball was struck.
(b) Find the equation of this parabola.
(c) Find the height of the ball 10 metres from where it landed.
Give answer in metres correct to one decimal place.

9. A cable hangs between two posts as shown in this diagram.
The posts are 50 metres high and 100 metres apart. The lowest
point of the cable is 40 metres above the ground.

(a) Using point A as the origin,
find the equation of the

parabolic shape of the B
cable.
(b) Copy and complete the 50 m 40
table below that states the m
height of the cable every B &
20 metres from point A. A
100 m

Distance from A4 (m) 0 [20|40| 60| 80 |[100

Height above ground (m)
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. . 5
10. The rectangular hyperbola with equation y = ~ has been moved
and redrawn as shown below. Write the equation for each graph.

(a) AV (b)
i < i' >

_____ S S |

ERNE :

< \ > (3601 =
| |
| |
v Ly
|
|

: : 3. !
11. The hyperbola with equation y = ~ 18 transposed so that the

intersection of the asymptotes is at the point (-6,0). Write the equation
of the transposed hyperbola.

12. Write the coordinates of the point where the asymptotes intersect for

the following hyperbolas.
__3 _6
(a) y_(x_5)+4 (b) y_x'z

13. Write the equation of the circles with the following centres and radii.
(a) Centre (2,0), radius =6 (b) Centre (7,-5), radius = 8

14. Write the coordinates of the centre and the radius of the circles with the
following equations.

(@) (x+3) +(y-7) =8l (b) X' +(y+4y=1
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15. Write the equation of the circle shown on the graph below.

A)’

6

5

4

3

1

‘—6—5432101234567 9’)6

-1

-2 G:2)
-3

4

-6

-7

-8

-9

16. The red line on the graph below is the graph of y = 4",
Match the other lines with the following relationships.

(x-3) x+3)

y=4-3 |p=4+3
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